We show that multiplication complexities of n-term Karatsuba-Like formulae of GF (2)[x] (7 < n < 19) presented in the above paper can be further improved using the Chinese Remainder Theorem and the construction multiplication modulo (x − ∞)
Theorem 1: Let m 1 (x), m 2 (x), · · · , m t (x) be pairwisely coprime polynomials, and m(x) = t i=1 m i (x). Then for any polynomials r 1 (x), r 2 (x), · · · , r t (x), there is a unique polynomial r(x) mod m(x) such that r(x) ≡ r i (x) (mod m i (x)), where 1 ≤ i ≤ t. A formula for r(x) is r(x) = 
II. IMPROVED M (n)
Let deg(a(x)) denote the degree of a(x), and deg(a(x)) < n and deg(b(x)) < n. When the CRT is used to compute the product c( Therefore, the minimum number of multiplications needed to multiply a(x) and b(x), i.e.,
, depends on the set of modulus polynomials. In order to minimize M (n), these polynomials are selected such that deg(m(x)) = 2n − 1. However, if we know the
Let e(f, i) denote the coefficient of
The following lemma is a formal statement of this construction.
, where h w (x) is defined as:
Proof:
where 2n − 2 ≥ j ≥ 2n − i − 1.
Therefore, we obtain
For i = 1, (2) is simplified as e(h 1 , 2n − 2) = c 2n−2 , i.e., statement (1) is true. Now we consider 2 ≤ i ≤ w. Since the polynomial m(x)x w−i is of degree 2n − i − 1, for
we have
where 2n − 2 ≥ j ≥ 2n − i.
From (2) and (3), we know that statement (1) is true for 1 ≤ i ≤ w.
Especially, (1) shows that e(h w , j) = c j for 2n−2 ≥ j ≥ 2n−1−w. Since deg(r(x)) < 2n−1− w, it is clear that e(d, j) = e(h w , j) = c j for 2n−2 ≥ j ≥ 2n−1−w. Therefore, if c(x) and d(x)
are uniquely rewritten as c(
, where c L (x) and d L (x) are polynomials of degrees less than 2n − 1 − w, we can write c H (
This leads to r(
. This completes the proof.
Using the CRT and this construction, we obtain improved values of M (n) (7 < n < 19) and they are given in Table I . In the table, f ij denotes the j-th irreducible polynomial of degree i over GF (2), e.g.,
Remarks:
1. Values of M (4) = 9 and M (5) = 13 of [1] have been used for obtaining new bounds.
2. While computations of (x − ∞) and (x − ∞) 2 require 1 and 3 multiplications, respectively, computing (x−∞) 3 requires 5 multiplications: a n−1 b n−1 , (a n−1 +a n−2 )(b n−1 +b n−2 )+a n−1 b n−1 + a n−2 b n−2 and a n−1 b n−3 + b n−1 a n−3 + a n−2 b n−2 .
